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The effects of a trace quantity of a surface-active agent on creeping flow past a bubble or
droplet are investigated. The equations describing mass and momentum transfer are simultane-
ously solved by a perturbation technique, consistent with the jump mass and momentum bal-
ances at the phase interface. The stream function for the velocity distribution is evaluated
as an infinite series of spherical harmonics. Galerkin’s method, which reduces the partial
differential equation of continuity to a set of ordinary differential equations, is used to evaluate

the concentration distribution of surfactant.

A sample calculation is carried out for relative motion between an air bubble and an
infinite body of water which contains a trace of isoamyl alcohol. The relative velocity of the
water at an infinite distance from the bubble is found to be highly sensitive to small chamges
in surfactant concentration from zero, although the bubble varies imperceptibly from a

spherical shape.

Consider a fluid globule which moves at a constant
velocity under the action of gravity through a second im-
miscible phase. Hadamard and Rybczynski (I, p. 395)
independently presented a solution to this problem which
neglects interfacial effects, but their results failed to ex-
plain available experimental data for settling velocities.

This led Boussinesq (2) to hypothesize that a skin
which inhibits the internal circulation can form around a
moving droplet. He described this quantitatively by a
constitutive equation which expresses the stress in the
interface as a linear function of the rate of deformation
of the interface. This relationship, often called the New-
tonian surface fluid model (3 to 6), has two parameters
in addition to surface tension: surface shear viscosity and
surface dilatational viscosity. Acceptable laboratory” mea-
surements of these surface viscosities have not been ob-
tained to date (7). Boussinesq (2) obtained an exact solu-
tion for creeping flow past a droplet under the assump-
tions that interfacial behavior could be described by the
Newtonian surface fluid model and that surface tension
and the two surface viscosities were independent of posi-
tion on the phase interface. The results of Boussinesq’s
analysis do not appear to be in any better agreement with
available experimental data than those of Hadamard and
Rybezynski (1, p. 403).

Neither the analysis of Boussinesq nor the theory of
Hadamard-Rybczynski considers the possible presence of
surfactants (materials which have an affinity for a phase
interface and which consequently alter the surface tension
of a system). In practice it is very difficult to eliminate
trace quantities of surface-active materials from an experi-
ment. The observation of a fairly immobile cap on the
trailing surface of a droplet (8) suggests that any surface-
active agents present are not uniformly distributed around
the surface, but rather that they are continuously swept
toward the rear of the droplet by the fluid motion. If we
express surface stress in terms of surface tension alone,
the resultant accumulation of surfactants lowers the sur-
face tension at the rear of the droplet and establishes a
gradient of surface tension in the surface of the droplet.
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This gradient induces a shear stress over the droplet’s sur-
face which opposes the stress caused by the motion of the
droplet relative to the continuous phase.

It is the purpose of this paper to describe quantitatively
the effects of trace quantities of surfactants on the motion
of a liquid droplet or vapor bubble. To do this, the fluid
mechanics problem is solved simultaneously with the asso-
ciated mass transfer problem.

PREVIOUS WORK

Bond (9), and Bond and Newton (10) established that
drops of sufficiently large dimensions fall at velocities close
to those given by Hadamard and Rybczynski, while small
drops fall as solid spheres. Bond and Newton (10) ob-
served a transition from the Stokes regime of flow (solid
sphere) to the Hadamard-Rybczynski regime when the
drop’s radius passes through a critical value. Haberman
and Morton (11) reviewed the literature and presented
extensive experimental data on the drag and shape of
single air bubbles rising freely through various liquids.

Garner and Skelland (30) describe the effects of surfac-
tants upon circulation within a droplet and the time of
fall of a droplet. Griffith (8) discussed the possibility of
the formation of immobile caps over the rear of droplets;
these caps retard surface flow at the rear surface but
leave the forward surface flow unimpeded. Schechter and
Farley (12) assumed a surface tension distribution which
is consistent with a spherical interface and observed that
this distribution does not adequately describe observed
droplet behavior. They concluded that an explanation is
impossible unless the droplet is nonspherical. Matunobu
(13) attempted an analysis of creeping flow past a de-
formed droplet in the absence of all interfacial effects.
Since the exact solution of this problem given by Hada-
mard and Rybczynski (I, p. 395) shows that the droplet
is spherical, Matunobu was not able to find a solution for
the deformed droplet which satisfied all of the required
boundary conditions.

Levich (I, p. 395) presented an extensive treatment of
the fall of drops under circumstances such that only the
continuous phase contains surfactants. He cited two limit-
ing cases of interest: the magnitude of the flux of surface-
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active material in the bulk liquid at the surface of the
droplet is controlled either by adsorption (desorption) at
the interface or by diffusion in the bulk liquid. By assum-
ing small deviations of the adsorbed surfactant concentra-
tion from that which would exist at equilibrium, Levich
obtained a solution for the former case which is consistent
with the assumption of a spherical interface. The latter
case necessitates a simultaneous solution of the mass and
momentum transfer problems and was treated qualita-
tively.

Lochiel (14) presented empirical equations which pre-
dict the effect of small quantities of surfactants on mass
transfer across a spherical interface, for both small and
large Reynolds numbers.

STATEMENT OF PROBLEM
A
A droplet of known volume of a fluid with density, p®,

and viscosity, {r\;", falls by gravity through a second im-
miscible, unbounded fluid with corresponding properties,
p* and 9*. The motion is assumed to be so slow that in-
ertial effects may be neglected in both phases. A small
amount of surfactant is present, but is restricted to the
unbounded phase. It is assumed that p* and 7® are not
functions of the surfactant concentration. We seek the
velocity distribution in both phases, the terminal velocity
of the droplet, and the shape of the droplet. Surface stress
is expressed in terms of surface tension alone, which in
turn is allowed to depend upon surfactant concentration.

The problem is discussed in terms of spherical coordi-
nates (Figure 1). For convenience, the unbounded fluid
is taken to stream past the droplet in the positive z-direc-
tion. The center of mass of the droplet is the origin of
the coordinate system.

In order to generalize the results of this calculation,
dimensionless variables are used throughout. They are de-

fined by the following scheme.

1. All velocities are normalized with respect to v.*,
the magnitude of the velocity of the exterior fluid at in-
finity in the absence of surfactants. This is the speed cal-
culated by Hadamard and Rybczynski (I, equation
70.35) (when the effect of a uniform surface tension is
included in their analysis, the same velocity distribution
is obtained).

2. All lengths are divided by R*, where R* is the
aadius of a sphere with the same volume as the falling

rop.

31.) All stresses are divided by p*v."2.

All dimensional variables are distinguished by a super-
script asterisk.

GENERAL PLAN OF SOLUTION

The approach used here is generally applicable to free
surface problems (7).

The first step is to go as far as possible in solving for
the velocity distribution and pressure distribution in each
of the bulk phases.

(A) Assumptions are made concerning the functional
dependence of the three components of velocity in each
of the bulk phases.

(B) A relation between stress and deformation is as-
sumed for each of the bulk phases.

(C) For each phase the equation of continuity and the
equation of motion are solved simultaneously to obtain a
velocity distribution which is consistent with the assump-
tions in (A) and all boundary conditions other than those
at the phase interface.

The phase interfaces are next considered. For simplicity
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we assume there is only one, as in the problem to be dis-
cussed here.

(D) An assumption expressing symmetry may be made
about the shape of the phase interface.

(E) An equation relating surface stress and surface de-
formation (for example, the Newtonian surface fluid
model) is assumed. This equation contains parameters
which may be affected by surfactants. These parameters
may be regarded as functions of the concentration of sur-
factant in the interface.

(F) In the event a surfactant is present, the equation of
continuity is solved to determine its concentration distri-
bution in the interface.

(G) The requirement of continuity of the tangential
components of velocity at the phase interface is imposed
upon the velocity distributions found in (C).

(H) The velocity distributions within each of the bulk
phases are forced to satisfy the jump balances for mass
and momentum (3 to 6) and the constitutive equation for
surface stress assumed in (E). This may lead to a dif-
ferential equation describing the shape of the phase in-
terface.

(I) The calculation is checked to see whether there are
any contradictions met, such as not being able to satisfy a
boundary condition. If all assumptions are correct, there
should be no inconsistencies.

BULK FLOWS

The following assumptions are made regarding the
flows in the two bulk phases.

1. The flows are time independent and symmetric with
respect to the z-axis in Figure 1.

2. There are only two nonzero components of velocity
in spherical coordinates: v, and vg in the outer phase and

6\, and /1\79 in the droplet.

3. Inertial terms of the equation of motion are negligi-
ble in both phases with respect to the viscous terms.

4, The immiscible bulk fluids are Newtonian and in-
compressible.

The equation of continuity in the outer phase is auto-
matically satisfied if we express the velocity components,
v, and vy, in terms of a stream function ¢,

Fig. 1. Coordinate system for droplet.
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1% Op
and
1 oy
Vg = = e e
r(l—u2)% or
Here we denote ¢ = cos 4. In a similar manner, we satisfy
the equation of continuity for the interior phase by the

(2)

A

introduction of a stream function . After application of
the four assumptions above, the equations of motion for
the inner and outer fluids are respectively equivalent to

(15, p. 131)

Et y=0 (3)
and
Ety=0 (4)
where
02 (1_P2) 02
2 T 5
or2 + 12 op? (5)

Other than the requirements to be met at the phase
interface, we have the following restrictions on the bulk
flows.

(a) The velocity very far from the droplet is uniform
and in the positive z-direction,

r—ow: y—>— % 12 v (1 —p?) (8)

Here v; is the dimensionless magnitude of the velocity of
the exterior fluid at infinity relative to the droplet (v: = 1
when surfactants are absent).

(b) Since we require velocity to be bounded every-
where,

r— 0: %,, 1./)\9 are bounded (7)
and
r—> 00: vy, Ug are bounded (8)

PHASE INTERFACE

We make the following assumptions concerning the
phase interface.

5. All interfacial effects associated with momentum
transfer are attributed to surface tension and the depen-
dence of surface tension upon the local concentration of
surfactant. The Newtonian surface fluid model (3 to 6),
with the coeflicients of surface shear viscosity and surface
dilational viscosity identically zero, is used to represent
surface stress.

6. It is assumed that there is no mass transfer across
the phase interface. Surfactant may be transferred into
and out of the interface from the outer phase, but the
surfactant is insoluble in the droplet.

7. The interface is fixed in space as a function of time.

8. The tangential components of velocity are continu-
ous across the phase interface.

9. The interface is symmetric with respect to the z-axis.

Before proceeding, it is necessary to discuss the tensor
notation used. Latin indices indicate tensor components
in three-space; Greek indices denote surface components
or tensor components in two-space (16). Comma notation
stands for covariant differentiation (16, p. 197), and the
summation convention is employed throughout. Let the
xt (i = 1, 2, 3) be a set of curvilinear spatial coordinates;
the associated covariant spatial metric tensor components
are the gy;. The equations which specify a surface in space
are of the form

x'=hi(ul,u?), i=1,23 (9)

where u! and u? are two parameters we hereafter refer to
as the surface coordinates. The covariant surface metric
tensor components, aqp, are defined as
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axt  ox? (10)
a 3 i. ——— e——
a8 = &y dux Jub
the determinant of the matrix of these components is de-
noted by a. The contravariant surface metric tensor com-
ponents are given by

a%t = ot v g, (11)

where ¢*# = ¢%f/a%, The quantity e*# is skew-symmetric
in the two indices with e!2 = 1.

If p denotes a position vector, the unit vector n normal
op dp

~

to the surface is defined such that —— n { have

dul’ qu’ ~
the same orientation as the tangents to the spatial co-
ordinate curves (16, p. 197),

1 o8 oxf  oxk
ng =-— €8 ¢
' 2 kK du®  Juf

(12)

The quantity e is defined as g*e;u, where g is the de-
terminant of the matrix of the covariant spatial metric
tensor components, gms; ey is skew-symmetric with eiss
= 1. The mean curvature of a surface, H, is defined as
(16, p. 205)

H=1% a* b, (13)

where the bog are the components of the symmetric tensor
in Gauss’s formulae (16, pp. 200, 203),

ax"
ouB

baB = —Zmnn M (14)

The application of the preceding formulae to the prob-
lem under consideration is summarized here. For a spheri-
cal coordinate system in three space, we take

al=49, x2=4¢, B=r (15)
and
wl=0, ?=4¢ (16)

It is important to note here that the radial coordinate 7 is
dimensionless; it represents the spherical radial coordinate
divided by R*, where R* is the radius of a sphere with the
same volume as the drop. By assumption 9, the shape of
the phase interface is independent of ¢, so that on the
free surface r may be considered to be a function only of
0,

£ =r=$(6) = f(u) (17)

The covariant spatial metric tensor components are
g1 =12, gog = 1%in%f, gzgz =1 (18)

The covariant surface metric tensor components are ob-
tained from Equation (10),

an =12+ (f)3% a2 =fsin®), a1, =0 (19)

By f we mean here the derivative of f with respect to u!.
From Equation (12), the components of the unit normal
vector to the surface may be computed to be

n1=——:-—f’—— n2= N 3=_—f...__
fif2 + (£)21%’ [P+ (F)°1*
(20)

The mean curvature as computed by Equations (13) and

(14) is
L [rpip
2[f2 + (f)2]% £+ (f)?
f—71 cot
—f—] (21)
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The interface is represented here by a singular surface
or surface of discontinuity. Accordingly, constitutive equa-
tions for the stress tensor and mass flux vector (Newton’s
law of viscosity and Fick’s law of diffusion), applicable in
each phase at points removed from the interface, are ap-
plied in each phase all the way up to the singular surface.
In a more detailed description of the problem, these con-
stitutive equations would not be valid in an interfacial re-
gion of some thickness, which might or might not include
a surface of discontinuity. In order to properly represent
the effects of this interfacial region in terms of the singular
surface model for the phase interface, artificial sources of
mass and momentum are postulated for the singular sur-
face. In keeping with the usual practice in this area, these
artificial sources are expressed in terms of a surface stress
tensor and a surface mass flux vector. The philosophy of
balance equations for the phase interface has been dis-
cussed elsewhere (6).

In interpreting assumptions 6 and 7, we must remem-
ber that we are allowing surfactant from the outer phase
to move into and out of the interface. It is assumed that
there is no surfactant in the interior phase. One statement
equivalent to assumptions 6 and 7 is to say that

r=f(6): 0in=0 (22)

The overall jump mass balance (6, equation 6.6) says that
under these circumstances

r=f(#): tin=0 (23)
Assumption 8 gives a further restriction at the singular
surface which represents the phase interface,
A 9t

Ju® : qus

r=£(8): v (24)

In view of assumption 7 and Equations (22) and (23),
the jump balance for momentum at the phase interface
becomes (3 to 5; 6, equation 7.9)

A i ( o aB) 25
r=fF(8): t¥ nj—ti n;= P t , (25)

where, for the Newtonian surface fluid model under the
conditions of assumption 5, the components of the surface
stress tensor are given by

128 = o qoB (26)
By o we mean the dimensionless surface tension,
Lo el 0'#/(7'0“ (27)

The reference surface tension o,* will be defined shortly.
After substituting Equation (26) into Equation (25),

the two nonzero components of the jump balance for mo-

mentum become at r = f(4) (5, equation 4.7):

A N s 1 dO'
[t 15 tl.?] nj = —ro all — + 2H n! o (28)

Nwe de
and
[t/\35‘—t3"]n-=L[au f’-dl—l-?‘H nao'] (29)
! NWe de

Here Ny, is the Weber number,
Nwe = p* v,*2 R*/o,* (30)

Equations (22) to (24), (28) and (29) comprise the
set of boundary conditions which the bulk phase velocity
distributions must satisfy at the phase interface.

A knowledge of o as a function of @ on the surface of
the droplet is necessary in order to use Equations (28)
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and (29). Surface tension may be related to the surfactant
concentration of the unbounded fluid as follows. The con-
centration of surfactant in the surface, I'* (moles/area),
is related to the bulk fluid surfactant concentration, c¢*
(moles/volume), by Langmuir’s adsorption isotherm for
un-ionized solutes (17, p. 184),
k*c*
T* = — %o (31)
L+

Here k* is the Langmuir adsorption coefficient and T.* is
the limiting value of I'* as ¢* becomes very large. The
surface tension may be related to I'* by a form of Gibb’s
equation (17, p. 198),
* * * %

do — R*T*r (32)

dc* c*
Here R * is the gas constant and T* is the absolute tem-
perature. After eliminating I'* by Equation (31), we may
integrate Equation (32) to obtain Szyszkowski's Equation
(18, p. 62),

kﬂ#
o-=1-—-N21n(1+ri ) (33)

where N; = R * T* I',*/0,*. In this integration we iden-
tify oo*, introduced in Equation (27), with the surface
tension obtained in the absence of surfactants.

The amount of surfactant adsorbed at the interface
must satisfy the jump mass balance (1, p. 393; 6, equation
5.23), which in view of assumption 7 and Equations (22)
and (23) may be written as

r=f(6):

where the ji (i = 1, 2, 3) are the components of the di-
mensjonless mass flux vector with respect to the mass aver-
age velocity and the f(s)e {@ = 1, 2) are the components
of the dimensionless surface mass flux vector. (In arriving
at this equation, we understand equation 5.23 of reference
6 to be written for a particular component in a multi-
component mixture. The mass balance for the particular
component is obtained by taking ¢ = 1 and ¢ = 0.)
We are forced to make an assumption about the surface
mass flux vector.

10. We use the constitutive equation for surface mass
flux vector suggested by Levich (I, p. 393), but neglect
the effects of surface diffusion,

fi M= =~ f(s)a,p0%" (34)

At
ja=T v; P (35)
Here we introduce
I\#
TR (36)

where ¢.* is a reference concentration of surfactant in the
continuous phase to be defined shortly. If we interpret
Equation (34) in the context of reference 6, the intro-
duction of Equation (35) implies that we assume the
kinetics of adsorption (desorption) to be rapid, compared
to diffusion of surfactant from the bulk fluid to the drops
surface. In the context of Levich's discussion, this last is
an additional assumption we make, distinct from Equation
(35). Equation (35) allows Equation (34) to be written
as

1 dc . ( oxt )
= f(8): —_— =T v o 37
r=f0: g ™ U ), D
where
Npe = R* 0,%/D*, c¢=c*/c,* (38)

and D* is the binary diffusion coefficient for the surfactant
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in the bulk phase.

Equation (37) is a boundary condition for the differen-
tial mass balance for the surfactant in the outer phase (15,
p. 559),

dc Vg OC
Vp—e— (1 — y2)¥ 2
"o ( #?) PR

1 [ 1 3 ( dc ) 1 9
= —_—— 1‘2 — + —_— ——
Npe 2 or ar 12 Ju

dc
{a-mt] @

The other boundary condition is that the concentration of
surfactant far from the droplet is c.”,

c—>1 (40)

This completes the formulation of the problem. To sum-
marize, partial differential Equations (3) and (4) must
be solved simultaneously with partial differential Equation
(39). The boundary conditions for Equations (3) and (4)
are Equations (6) to (8), (22) to (24), and (28) to
(29), while those for Equation (39) are Equations (37)
and (40).

r—> 0!

PERTURBATION EQUATIONS FOR SMALL
CONCENTRATIONS OF SURFACTANT

An exact solution of the system of equations discussed
above does not seem possible at this time. Since the shape
of the phase interface is unknown, the problem is neces-
sarily nonlinear.

One method for obtaining a limiting solution to a non-
linear problem is a perturbation analysis. A simple exam-
ple illustrates the method. Suppose we require u as a
function of position, the solution to the partial differential
equation L{u) — w = 0 with the boundary condition
p(u, €) = 0. Here ¢, a scalar, is a parameter of the prob-
lem. We can imagine that, if we were able to obtain an
exact solution to the problem and if the solution were
suitably continuous as a function of e, the solution could
be expanded in a Taylor series of the form

U=u® 4 ¢ D4 2 y® 4 . (41)

This suggests that we assume the solution for u is of the
form shown in Equation (41) and that we attempt to de-
termine the first terms in this series. In this way we hope
to obtain a solution valid for small values of e. For this
reason ¢ is called the perturbation parameter. The analysis
proceeds as follows.

1. Solve L{u) — w = 0 with p(u, ¢) = 0, neglecting
terms of 0(e) [we write 0(¢) for order of e]. The equa-
tions are such that this results in a linear problem for u(®,
which is more easily solved.

2. Solve L(u) — w = 0 with p(u, e) = 0 neglecting
terms of 0(e2). This gives us a linear problem for u¥),
which hopefully we may be able to solve also.

3. The process may be repeated, though usually the
linear problems encountered at each stage are progres-
sively more difficult to handle.

Van Dyke (28) gives a more complete discussion of
perturbation methods.

In the sections which follow a perturbation solution to
0(¢) is found for Equations (3), (4), and (39) with
boundary conditions (6) to (8), (22) to (24), (28) to
(29), (37), and (40).

In order to make a choice of perturbation parameters,
it is best to have an idea as to which limiting physical
situation one wishes to examine. Since we have a solution
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to our problem for the case of a uniform surface tension
[essentially the Hadamard-Rybczynski solution (I, p.
395) 1], it seems most natural to examine the case where
very little surfactant is present in the continuous phase
or the case where c.* is very small. But the perturbation
parameter should be dimensionless. For very small values
of k*¢,*/I," in Equation (33),

k* c.* 1 * e \2
a'=1-—N2{ c c—-——(k-——(i---)c2

r.* 2 r*
1 (k% c.* 3
+?( I‘m* ) 03+...} (42)
This suggests defining the perturbation parameter e as
k* c.*
= (43)
so that we may write
cg=14¢ o) 4 & ¢® 4 0() (44)
or
og=1—¢ Ny ¢+ 0(e?) (45)

When ¢ is identically zero, the problem reduces to that
solved by Hadamard and Rybczynski. By analogy with
Equation (41), we write all of the dependent variables
in the problem as Taylor series in ¢; for example we have

c=c¢® + e cV + 0(€2)

!’, = |,,(0) + € q,(l) + 0(é2)

ti = O ¢ (DI 4 ((2) (46)
vy =1+ € v + 0(e2)

f(0) =1+ e fV+ 0(e?)

In the next three sections we formulate the equations
and boundary conditions appropriate to the perturbation
problem before going into the details of the solution.

Bulk Flow Equations for Perturbed System

It follows readily from Equation (3) and (46) that the
equations for the zeroth and first perturbations in the
outer stream function are respectively

Et 4 =0 (47)
and
Et ¢ =0 (48)

The equations for the zeroth and first perturbations in the
inner stream function are analogous.

The zeroth perturbation of the outer velocity compo-
nents may be expressed in terms of the zeroth perturba-
tion of the outer stream function

1 o®
0,-(0) = 72— ‘;—’L— (49)
and
1 O]
0s® = v (50)

1'( 1— [.l,2) Ve or
. o . . A
Similar expressions may be written for v,1, v,®, ©,9,

Aoy A A
05, 0, and vy,
The boundary conditions at infinity are of the form

P> 0 PO —1h 2(1—pu2) (51)
and

r—>o0: PO — 1 2(1—p2) 0 (52)

An entirely equivalent set of boundary conditions adopted
here are
r—> 0: PO~ — 16 92(1— pu2) v, (53)
and
r— co: ¢ — terms of 0(r) withm <2 (54)
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In writing Equation (53) we include higher order per-
turbations in a low order term. This is not incorrect, since
terms containing powers of e are collected in ascending
order, but it is not customary. When we neglect terms of
0(e), Equations (51) and (53) are equivalent; when
terms of 0(¢) are included [but terms of 0(e2) neglected],
then ¢ = ¢ + ¢ ¢ calculated by Equations (51) and
(52) is equivalent to ¢ calculated by Equations (53) and
(54).

Equations (7) and (8) may be interpreted by requir-
ing each perturbation in the velocity components to be

bounded.

Phase Interface Conditions for Perturbed System

Consider Equations (28) and (29). The covariant
stress tensor components for the outer fluid, for example,
are

y=—p gy + [vig + v54] (55)

NRe

where the nonzero components of Vv are

a
V1,1 = — (1*—;42) kS :9— (1' Ue) +r vy (56)
o

9
015 = 1=t (57)
or
vog =1 (l—p?) or+ 7 p(l—p®)% vy  (58)
0
Dp1 = — (1— )% == — v (59)
Op
and
a0,
= 60
Ug,3 or ( )

Here p is the (dimensionless) pressure and Ng, =
Rﬁ vm# L

- . Similar equations may be written for the inner

n
fluid. From Equation (20), the perturbed components of
the normal to the surface are
df
m= (1= )% Tt 0(2), =0, w8 =1+ 0(¢)
"
(61)

Equations (55) to (61) may be combined to generate the
left side of Equations (28) and (29).

From Equations (21) and (46), we have for the mean
curvature H,

H=
1 d df v
——1+e{f“’+-§2;[ (1=4) ]}+0(62) (62)

This allows us to write the terms on the right of Equations
(28) and (29) respectively as

(0)

do de
a11%+2H nlo = e[Nz (1— p2)% n

—2(1—;»2)%%13] +0(2)  (63)

and

do
att f— + 2H nio =
—2+4e {2;“1) + 2Nj ¢©

do

df
v a-m

du

] } +0(e)  (64)
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Equations (63) and (64) indicate that it is necessary to
evaluate only the zeroth perturbation of the equation of
continuity for the surfactant, Equation (39), in order to
obtain the information needed to solve for the first per-
turbation of the stream functions.

The remaining conditions to be satisfied at the phase
interface are Equations (22) to (24). These equations im-

. A .
ply that at the phase interface vf = v% which in turn
implies that to order zero in the power of ¢

A A
at r=1: 09 = O, 0 = py(O (65)

and to first-order in the power of ¢

30, 61/)\,“” A
at r=1: —_ fO 4 0, =p, D

or or (66)
A
; 1 {009(0) 80 }f(l) + 01 e
at r=1: - 0 =
ar ar T (66a)

A Taylor series expansion around r = 1 is used to evalu-
ate 0, and v® at r = 1 + ¢ f0), A similar analysis of
Equation (23) [which employs Equation (61) for n']
shows that to order zero in the power of «

at r=1: 09 =0 (67)
and to first-order in the power of ¢
at r=1:
dv,® dfw
(;r FO 4 0,0 = — (1 — p2)% f (68)

Mass Transfer Equations for Perturbed System

Since only the zeroth perturbation of the concentration
of surfactant is required, all terms of 0(¢) and higher may
be neglected in Equation (39) and boundary conditions
(37) and (40). The zeroth perturbations of Equations
(39) (differential mass balance in outer phase) and (40)
are respectively:

¢
0@ @ (1— )% BRGNP
ar r op
1 [ 1 9 ( act® )
= — — 1‘2
Npe L 12 or ar
1 9 ac0
+z ol a-m ) ]

and o o (69)

r—>o: c®—>1 (70)

Some manipulation is required to obtain the zeroth
perturbation of Equation (37). The right side of this
equation may be rewritten using an alternate expression
for the surface divergence (16, p. 187), thus

i i
<I‘Ui_aiaaﬂ) =_1:.a_<\/a_ruiaiaaﬁ)
duc Vva duf
(71)
From Equations (19) and (46), we have
Va'= [an a]% = (1—u2)% + 0(¢) (72)

Retaining only those terms of order zero in ¢, we may ob-
tain from Equation (71),

axt
T vj— a%f
du® B
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1 9 ( ozt )
= e — | sin 8 T v;— alt 0
sin@ od . " dut 0
1 3 (sino )
= — r 0
sing 90 ag v ) +00)
. &*
_ 1 _a_(smavgn _’i___c(o)va(())) 4+ 0(e)
singd 90 ay R*
__¥ i[(l-—,ﬁ)% c©® @] 4+ 0(e)  (73)
R* du

In the first stage of this development, we make use of
Equation (72) and the assumed symmetry with respect
to ¢; at the second stage we recognize Equations (65)
and (67); at the third stage we introduce the physical
component of velocity and eliminate T' by Equation (31).
Recognizing Equations (61), we are able to reduce the
left side of Equation (37) to

1 dc . 1 9c®

—nl = 0 74
Npe dxt " Npe ar + (6) ( )

Equations (73) and (74) together give us the zeroth per-

turbation of Equation (37) (jump mass balance) in di-

mensionless form:

at r =1+ 0(e):
1 9c©® k* 3
ey bt [(1—p2)% c® (D] + 0(e)

(75)
Solution of Bulk Flow Equations

A general solution of E4) = 0 is (19 to 22)

¢ = 2 [An +3 4 B, 1+1 4 Cp 127" 4 Dy 77 7]1Q0(n)
= (76)

where
-1
0u(w) =J, Pu(a) da )

and P,(u) is the Legendre polynomial of degree n. [The
quantity Qn(p), defined by Equation (77), is the negative
of that introduced by Proudman and Pearson (20). The
quantity {— Qn(u)} is the Gegenbauer polynomial of
order n + 1 and degree — ¥; it has been given the sym-
bol C~%,.1 (26, p. 125) or D41 (29, p. 135). Do not
mistake Qn(p) for the Legendre function of the second
kind. ]

The quantities $® and (1)‘0) may be obtained either
from the Hadamard-Rybczynski solution (1, p. 396) or by
a solution of the zeroth perturbation problem discussed in
the preceding sections. Their values are

PO =
2 4+ 3N3 N; 1
[_’“r 2(1+Na) | 2(L+ Np) T]Q‘(") o
(78)
and
A 72—t
YO = [ m] Q1(p) v (79)

with N3 = /7; */n®. The corresponding velocity components
may be computed from the stream functions by means of
Equations (49) and (50) and the analogous equations for
the inner fluid.

The first perturbations of the stream functions, ¢ and

\l/:\ @, are solutions of Equation (48) and the analogous
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equation for the inner fluid. From Equation (76), if ¢V
is required to give bounded velocities far from the droplet,
it must be of the form

YO = 3 [Cu 27" + Dy r™"]Qn () (80)
n=1

In order that velocity components remain bounded at r =
0, from Equation (76)

= D [Aw m*3 4+ By m+1]Qu(s)  (81)
n=1

First perturbation velocity components may be computed
from stream functions (80) and (81) by equations similar
in form to Equations (49) and (50).

The first perturbation velocity components substituted
into Equations (66) (continuity of normal component of
velocity), (66a) (continuity of tangential component of
velocity), and (68) (overall jump mass balance) give re-
spectively three equations relating An, B, Cn, Dn and

5 (u):

An+Bn=Cn+Dn (82)

(20 + 3)Ap + (2 + 1)Bp— 2C,
3(1—N3j) 1
~ a1 J, £ (Paca(s) = Prsal) (]:;
and
C,+ D,
Ctml (UL (=) df
=T N, Y-t [I’« fv 5 ] Pn(l")( dit)
84

Identities (A1), (A2) and (A3) of Appendix A were used
in the derivation of Equations (82) to (84).

The components of the jump momentum balance, Equa-
tions (28) and (29), yield two additional equations relat-
ing A,, By, Cy, D, and f1(p). The terms required for
evaluation of the left sides of these equations are shown
in Equations (55) to (61). Some helpful intermediate
relations are given in Appendix B.* The bulk fluid pres-
sures are directly evaluated from the Navier-Stokes equa-
tion (15, p. 87):

—(2+3N3) g
N =T Ey )]
Re P 2(1+N3) 1'2[ + ev, 1]
© 2(2n—1)
— == ‘¢, rmtop,
€ 2 n 1 nt Pp(p)
n=1
—N,
Re s+ Cy Nge + € C'y Ngre +0(%)  (85)
Fr
and
A 5N
Nrep =17 — 1373 i [1 + vy D]
© 2(2n+ 3
— 2 2(2n +3) N3 An ™ Pu(p)
n=1 n
— N4 N,
—_—t ru + Cy; Nge + € C'1y Nre + 0(2)  (86)
NFr
Here
Rﬂ vmﬁ #*
Npo = ———— (87)

# Appendix B has been deposited as document NAPS-00384 with the
ASIS National Auxiliary Publications Service, c¢/o CCM Information
Sciences, Inc., 22 W. 34th St., New York 10001 and may be obtained
for $1.00 for microfiche or $3.00 for photocopies.
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and
v,*2
Npy = -E”—g? (88)
A

where g* is the acceleration of gravity, Ny = p */p*, and
C’1, Cy, €'y, and Cyy are constants of integration for the
pressure. The right sides of Equations (28) and (29) are
found in Equations (63) and (64).

Evaluation of Equation (29) yields for the terms of
order zero in e:

Ci—Ciyy =—2/Nwe (89)
and
Nge 3(2 + 3N.
RS (Ne—1) -_—Li'___‘"_)_ (90)
Ner 2(1 + N3)

Equation (29) (r-component of jump momentum bal-
ance) to order unity in the power of e is

él{ [ 2ve—2) —2n (1 430y + 22 ] 4,

4 [2Ny (1—n) —2(n +2)] By +n—_%cn }w)
Buf? (1—N;3)  (Ng—1) Ng,

+ (€t — C’11) Nge

1 4-1V3 ZVFr
3(2+3Ns) . Nae
Sl L = 9 N, CO® 4 9D
21+ Ny © NWe{ 2 G0+ 2f
d [ dfo ]
.= 1 — u2 91
s a—m } (91)

Multiplying Equation (28) (4-component of jump momen-
tum balance) by n3, subtracting from that the product of
Equation (29) (r-component of jump momentum bal-
ance) with nl, and collecting the first-order terms in e
(there are no zero-order terms in ¢) gives

{2(Ns —1) n (n+ 2) A,

M s

n

1
+[2 (n®—1) Ny— 2n (n + 2)] B
+2(2n + 1)Ca} Qn(p)

3u (1 —p?) dfv

1—N.
11, i ( 3)
15 N; N2Nge dc(®
ST T ) (1— ) = 23 2
2(1+N3)f (1— p?) N (1—p?) 4
(92)

Equations (82), (83), (84), (91), and (92) are now
simplified. Since the Legendre Polynomials, Pn(g), form
a complete orthogonal set of functions in the interval
— 1 =4 =1, we may express

COboi= 3 7 Pala) (93)
n=0
and

M=

FO () = an Pn(p) (94)

i}

n=0

Since the volume of the distorted drop is equal to the vol-
ume of a sphere of radius R*,

1

JL =0+ 0(a) (95)
which implies that ay = 0. The quantity R* is indepen-
dent of ¢, since the interior fluid is assumed to be incom-

pressible. The choice of the droplet’s center of mass as
the center of the spherical coordinate system requires that
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Loamowd=oroa @8

which means that «; = 0.

After elimination of D, by use of Equation (82), sub-
stitution of Equations (93) and (94), and application of
the identities of Appendix A, Equations (83) (continuity
of tangential component of velocity), (84) (overall jump
mass balance), (91) (r-component of jump momentum
balance), and (92) (combination of r- and ¢-components
of jump momentum balance) become respectively (n =
1,2, ..

(2n + 3) Ay + (20 + 1) B,— 2C, =

3(1—N3) n(n+1) _3(1—N3) n{n+ 1)

2(1+ N3) (2n—1) 2(1+ Ns) (2n+3) ™
(

QXp—1

On+1

dn—1 2n-+3

n(n 4+ 1) [ an—1

2(1 + Ns) ] (98)

Ap + By, =

[2ve—2) —2n (1480 + 22 | 4,

+ [2N; (1 —n) —2(n + 2)] B,
6 3(2 + 3N
L8 o _3(2+3Ny
n+1 2(1 + N3)
—[SU=N) | e D) Nao ]
1 +'[03 [qFr
n+41 n ]
[__2n+3an+1+_—2n<—1 dn—1
ZVRe 21V2P0Re

2— 1 ——e 99
NWe[ n(n+1)]an+ Nore Yn (99)

0D §,t

%_

and
Py [2n (n 4+ 2) (N3s—1) A,

+ {2 (n2—~1) N3—2n(n + 2)} B, + 2(2n + 1) Cx]
_[6n (Ns—1)—3(4 + Ng)]

Qn+1
2(1+ N3) (2n + 3)
[3(3Ns + 2) + 6n(N;—1)] N2 Nge
op— e Yn
2(1 + N3) (2n—1) " Nwe
(100)
Here
0, ns%1
Wl = (101)
I, n=1

To obtain Equations (97) to (100), the coefficients of
Pn(p) or Qn(p) were equated to zero forn = 1, 2, 3,.. ..
In this way we took advantage of the linear independence
of the P,(p) (n = 1, 2, 3, ...) and of the linear inde-
pendence of the Qu(p) (n=1,2,3, ...).

When n > 1, Equations (97) to (100) are a system of
four simultaneous linear equations with four unknowns
(An, By, Cu, an+1). [By Equations (95) and (96) we
determined that g = a3 = 0.] When n = 1, however, an
additional unknown, v;1?, must be determined.

For n = 1, Equations (97) to (100) reduce to

—3(1—Njy)
5A 3B; — 2C) = ——m————— 102
1+ 3B 1 5(1+ Ny) ay (102)
Aj 4+ By = — 22
1+ By 5(1% Na) (103)
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3 3(2 + 3N3)
Nyg—1)A —3B;+ —C{ — ——m——— 0, =
3(N;—1) A 1+2 1 4(1+N3)0t
[ 6(1'—N3) (N4—1) NRe ] + N2NRe
_ (a4
5(1+ Ns) 5Ny *T Nwe
(104)
and
3(Ns— 1) Ay — 3B, + 3C;
3(N;—6) N3 Nge
= 105
IR I
From Equation (90),
3(Ns—6) [6(1—N3) (Ny—1) Nge ]
10(1 + Ng) 5(1 + N3) 5Ny,
(106)

which means that a comparison of Equations (104) and
(105) gives

3 —2(1 + Ns)
0V = — — . C;
2 + 3N;

Equations (102), (103), and (105) contain four un-
knowns: A;, By, Cy, and as. We examine this point further
in the next section.

(107)

AUXILIARY CONDITIONS

One of the basic steps in the solution of a free-surface
problem is to check the calculation to see whether any
contradictions are met (see paragraph 1 of the general
plan of solution). Three points must be checked for this
calculation.

1. Why are there three equations with four unknowns
when n = 1P (See preceding discussion.)

2. Under what conditions does the Legendre poly-
nomial series for f(p), Equation (94), converge? (If
this series converges, the velocity expressions converge as
well.)

3. Is the macroscopic force balance on the droplet satis-
fied?

Questions 1 and 2 are related. Our approach yields a
solution only if the series for f’(u) converges. If such a
solution exists, then the series for {1’ (x) should converge
when p = 1, so that

2 ay = finite value. (108)
n=1

To ensure that this sequence is convergent, we require
that it satisfy the ratio test,

(109)

lim
n— o

Un , < 1
dn—1

If our sequence {ay} satisfies the ratio test, it is absolutely
convergent, which means that f®(u) is bounded for all
values of x. Equations (97) to (100) may be solved for
an+1 by Cramer’s rule. When the limit as n ~— o of this
solution is taken, we find that

lim onts — 2Nz,
n>w -

Let us define

4 Znt (110)

an N We Qn

This allows us to write Equation (110) more briefly as

1
>\n‘+1=—‘ﬂ+‘)\—

T

(113)

Equation (113) is a special case of the Ricatti difference
equation; the solution for Ay 4k, given Ay, is (23, p. 324)

Qiffpmn+ﬂj%]ﬂ

k=012 ...., (114)

where F()\,) is a function of A, (A, is known and fixed)
and ¢ is defined as

Q ( 92)‘/2
—_—— 1 —_—
¢ 2 +4

When 9/¢ > 0, A+ is bounded as k — o and assumes
the value of + ¢ In order that /¢ > 0, the positive
square root must be chosen in Equation {115) when Q is
positive, and the negative square root must be chosen
when Q is negative. It is seen that |¢§] < 1 when £ is
chosen by the above procedure.

A unique value of o3 may now be computed. By recur-
sive solution of Equations (97) to (100), an—; is obtained
as a linear function of a;. Similarly «, may be written as
a linear function of as. A solution of the linear equation

lim e

:
N0

Mtk =€+ [ (—1)* (

(115)

=¢ (116)
Un—1

yields the unique value of az. This procedure is illustrated
in a subsequent example.

Now let us turn our attention to question (c). Let F.*
represent z-component of the force which the exterior
fluid exerts on the droplet,

F *
F » = —® —

0z .
= TR oL — ti n; dS (117)

YSdrop  9xt

At the surface of the droplet we have
0z az 74
— T —— 1 — 2 l/z, s —
= f(w) [ ul Y peralaly

From Equation (117) and (118) we obtain

(118)

1
Fo=—2a_ [(H® 0% m (1)
— (P mdda (119)

In evaluating this integral using the expressions for the
stress tensor and unit normal vector previously developed,
we find that
4r N
Fp=—m —
N Fr

But an overall force balance on the droplet indicates that
the z-component of the force exerted on the droplet by
the exterior fluid should be equal in magnitude and oppo-
site in direction to the action of gravity on the droplet,

4r N,

z = =—

3 NFr

+ 0(e?) (120)

(121)

In this way we see that the macroscopic force balance on
the droplet is satisfied.

A = %n (111) SOLUTION OF MASS TRANSFER PROBLEM
d on—1 In Equation (93), we assumed that the zeroth-order
an concentration distribution of surfactant evaluated at the
0= 2Nge (112) zeroth-order droplet surface, ¢®|,=,, could be represented
Nwe in the form of a series. In this section a method for evalu-
Vol. 15, No. 4 AIChE Journal Page 541



ating the coefficients in this series, y; (i = 0,1,2,...),
is shown.

A solution to partial differential Equatlon (69) satisfy-
ing boundary conditions (70) and (75) is sought. When
06'® from Equations (50) and (78) is evaluated at r = 1,
boundary condition (75) (jump mass balance) becomes

oc(® d

at r=1: =g —— [ (1 —pu2) CO®O] (122)
ar o
where we define
k* Npe
KT (123)
2R*(1 + Nj)

An approximate solution to the mass transfer system
may be obtained by Galerkin’s method (24, p. 261). A
trial solution of the form

c® = En; Ei(r) Pi(p)

i=0

(124)

is assumed. Substituting this trial function into Equation
(69) (differential mass balance in outer phase), using
prevmusly computed values for v,® and v,'?, and equat-
mg multipliers of Pn(u) for each n, we obtain the follow-

E’y. The boundary error is proportional to E, and is given

by
. [ (n+1)(n+2)

128
2n+ 1 ( )

En] Pyi1(p)

If the series solution for c(® is convergent, then E,(r) -
0 as n—> oo for all values of r. This means that the trunca-
tion errors approach zero as n —> ¢,

The coupled, linear system of ordinary differential equa-
tions, Equation (125), was solved numerically usmg a
Runge-Kutta integration routine with Simpson’s rule
check. Each second-order equation is a two-point bound-
ary value problem. We handled these problems by syste-
matically varying the initial values of the dependent vari-
ables until, for some practical infinity, the terminal values
of the E, (n % 0) approached zero and E, approached
unity. Further details are given elsewhere (25, p. 40).

When Np, equals zero, a solution of Equation (125)
which satisfies the boundary conditions may be obtained

in closed form (n = 1,2, ...),
for Npe=0: Ap=1
Ay =G, r21 (129)

From the boundary conditions, we find that (n = 2,

ing set of linear ordinary differential equations (n = 3,...)
0,1,2...) Gy
2 n(n+ 1) 243Ng 1 GZ“S(I"'“>
Erat gy -0t p [ g 2ES 2 )
r 7 4(1 + N3) r Gn —n
—_——= n—1 + Ga+1
+ Ng 1 ] [n(l-—-n) £ K 2n—1 2n+3(130)
—_— —— Eny
41+ Ng) 7 n—1 The solution of the entire system is
(1 2/15 171
Gi=| —F—————
1/x + 6/35
/4.
1/k+ k(k + 1)
(2k + 1) (2k + 3)
1/ + .
| J (131)
(ntD(nt2) . ] [ (2+3Ns) 1 c 2 [+ 6/35 1t
T em+3 r T 2(1+ Ny v T3 1/x + 4/21
+ 3 _1— [ l/K + .
2(1+ N;3) 2d Lan—1 B (152)
2E D B | Neo=0 (125) : -
on+ 3 n+1 Pe = 3 1/x 4+ 4/21 -1
The prime notation denotes differentiation with respect to Ca = 5 Vit 20799
7. Substitution of the trial solution, Equation (124), into Ve + .
the boundary conditions, Equations (70) and (75), and .
equating coefficients of the P,(u) gives (n =1, 2, ...) L . ) (133)
as r—> c0: E¢—>1, E,»0 (128) n  [(1/xk+n(n+1) -1
and Gn =
o2n—1 (2n + 1) (2n + 3)
atr=1: FE,=0, 1/x +
, n{n+ 1) n(n+ 1) ]
E,=x« [mEnﬂ—'—z—ntT‘En—l (127) L (134)

When Equation (125) is satisfied at all interior points,
the truncation error for the differential equation at any in-
terior pomt induced by truncating the function after n
terms, is proportional to a linear combination of E, and
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This solution provides a convenient check on the accuracy
of the Galerkin computation.

Computations for n = 5 using the trial function Equa-
tion (124) have been carried out; results are summarized
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in Table 1 for the zeroth-order concentration distribution
at the droplet surface in terms of the coefficients in Equa-
tion (93). Exact solutions for Np, = 0 are tabulated in
Table 2.

TABLE 1. THE COEFFICIENTS IN EQUATION (93) FROM THE GALERKIN SOLUTION FOR SEVERAL SETs OF PARAMETERS

K Npe N3 Yo Y1
0.600 0.0 0.00 1.000 0.5731
1.000 0.5674
1.000 0.5230
0.600 1.0 0.25 0.9678 0.5275
0.600 10.0 0.25 0.9484 0.3764
0.600 10.0 0.40 0.9442 0.3381
0.600 30.0 0.00 0.9583 0.2244
0.600 100.0 0.25 0.9535 0.2142
0.600 103 0.25 0.9746 0.0977
1.00 0.0 0.00 1.000 0.8947
1.000 0.8864
1.000 0.8217
1.00 1.0 0.25 0.9514 0.8057
0.9526 0.8068
0.9574 0.8103
0.9636 0.8123
0.9904 0.7364
1.00 10.0 0.25 0.9216 0.5738
1.00 10.0 0.40 0.9149 0.5160
1.00 10.0 1.00 0.9185 0.5425
1.00 100.0 0.25 0.9261 0.3396
0.059 446 0.683 0.9951 0.0243

An inspection of Table 1 shows that the y; are rela-
tively insensitive to changes in Nj. All the v;, with the
exception of vy, decrease markedly with an increase in «.
A comparison of the exact results of Table 2 with the
computed results of Table 1 indicates excellent agree-
ment, with the exception of the last tabulated coefficient,
which is probably most sensitive to the truncation. The
exact solution for x = 10 indicates a seeming divergence
of the v;; the y; do not begin to converge until n = 10.
Consequently, accurate solutions for large values of x may
not be obtainable unless a large number of trial functions
are used. Table 1 also shows the effect upon A;(1), of r.,
the value r taken as the practical infinity in the Galerkin
computation. One method of finding values of A;(1) when
7, = oo is to plot A;(1) against 1/, and extrapolate the
curve to 1/r, = 0.

An important observation may be made. In every case,
when the values of y; are substituted back into the trial
function for the zeroth-order surfactant concentration on
the surface of the droplet, Equation (93), we find that a
maximum value for concentration exists at the rear of the
droplet (g = 1).

TaBLE 2. COEFFICIENTS IN EQUATION (93) FrOM Exacr
SoLUTION FOR Np, = 0

K 0.6 1.0 10.0
n yn yn n
1 0.57396 0.89590 2.5453
2 0.21700 0.52051 3.7274
3 0.07341 0.26863 4.6344
4 0.02357 0.13103 5.3190
5 0.734 x 10—2 0.06182 5.8198
6 0.224 x 10—2 0.02533 6.1698
7 0.674 x 10—3 0.01297 6.3937
8 6.5154
9 6.5513
10 6.5198
11 6.4309
12 6.3001
13 6.1318
14 5.9403
15 0.355 x 10—7 0.180 x 10—¢ 5.7249
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Solution for Rising Gas Bubble

Up until now, we have assumed the droplet to be com-
posed of an incompressible viscous fluid. In what follows,

Y2 3 Y4 V5 Tn
0.2167 0.07332 0.02343 0.007811 10.0
0.2144 0.07255 0.02319 0.007729 5.0
0.1946 0.06567 0.02098 0.006993 2.5
0.2197 0.08014 0.02694 0.009364 10.0
0.1855 0.09746 0.04458 0.02440 4.2
0.1745 0.1021 0.05012 0.03325 4.0
0.1057 0.09437 0.03760 0.05657 2.0
0.07373 0.08645 0.02619 0.05228 2.0
0.01561 0.04796 0.003480 0.03206 1.33
0.5196 0.2691 0.1279 0.07107 10.0
0.5145 0.2665 0.1267 0.07038 5.0
0.4703 0.2430 0.1155 0.06414 2.5
0.4913 0.2643 0.1286 0.07318 10.0
0.4920 0.2647 0.1287 0.07327 7.0
0.4937 0.2655 0.1291 0.07349 5.0
0.4937 0.2653 0.1290 0.07342 4.0
0.4210 0.2215 0.1070 0.06079 2.0
0.3657 0.2385 0.1313 0.09673 4.5
0.3312 0.2318 0.1301 0.1103 43
0.3483 0.2356 0.1315 0.1042 4.0
0.1372 0.1662 0.05640 0.1124 2.0
0.00764 0.00675 0.00205 0.00327 2.0

AIChE Journal

we extend our preceding calculations by treating the
droplet as a compressible gas bubble. We assume that the
density and viscosity of the gas composing the bubble are
much less than those for the surrounding liquid, such that

N3/Ngr. =0 (135)
and
N4/Np, =0 (136)

All quantities are taken to be independent of time; this
might be achieved by balancing the buoyancy of the bub-
ble by the drag of the exterior fluid moving down past it.

Effects of Compressibility

It is easy to show that pressure within the gas bubble
must be independent of position as the result of Equations
(135) and (136) as well as the absence of inertial effects.

The volume of the bubble is no longer a constant; it is
a function of the pressure within the bubble. This pressure
depends upon surface tension; surface tension depends
upon local surfactant concentration, and local surfactant
concentration in the phase interface depends upon con-
centration of surfactant at infinity in the exterior fluid
through the equation of continuity for the surfactant. In
order to specify the bubble’s pressure, a datum or refer-
ence pressure for the system must be chosen. We specify

p#
PR
Here p. is a constant independent of surfactant concen-
tration. If, for example, the system were vented to the
atmosphere at r — o0, § = /2, then p* would be one

atmosphere at this point. When Equation (137) is ap-
plied to Equation (85), we have from the coefficients of

asr——)oofor9=-§-: p = - p. (137)

#2

the terms of order unity

Ci=7p- (138)
and from the terms of order ¢,

Ci =0 (139)

From Equations (86), (135), and (136), the dimen-
sionless pressure for the gas which composes the bubble is
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A
p=Cy + C'1y + 0(?) (140)

When all coefficients of Py(u) = 1 are collected in Equa-
tion (91), we have

1
C'1=———1[2N; o + 2a0] (141)
N We
In arriving at this result, we make use of Legendre’s dif-
ferential equation (26, p. 82). From Equation (89), we
obtain

Cu=0C+ = P + (142)

NWe NWe

We are now ready to compute the volume of the bub-
ble. In the absence of surfactants, the bubble is a sphere
of radius R* and volume

4
Ve© = —n R (143)

The corresponding bubble pressure is

P*O =Cypy p* 0,*2

When surfactants are present, the bubble pressure is

A

p®=p" 0.**[C1y + C’11 + 0(?)]
and the volume of the bubble is

27R** (1
=_§_f—1 [1+ D+ 0(e2)]° dp
%Rﬁs 1
=—r
When fV is given by Equation (94), this reduces to
V* = V*O 4 47R*® ay ¢ + 0(e8) (145)

If the gas within the bubble is assumed to behave ideally
and if the temperature of the system and the mass of the
bubble are constant, we have

Vﬂ

X [1+4+ 3] du + 0(e2) (144)

;,\*(0) VEO = p Ve (146)

After the appropriate substitutions have been made in
Equation (146) for the pressures and volumes, we obtain

2yo N,

4
o Py
W P+Nwe

We may conclude from this computation that it is only
ao which is altered by the assumption of a compressible
gas in the first-order solution. Had the gas been assumed
incompressible, «g would be zero.

(147)

oy =

PROBLEM SOLUTION

As the result of Equation (135), the velocity distribu-
tion within the bubble can no longer affect the exterior ve-
locity distribution through Equation (25). Equations (22)
and (24) may be looked upon as boundary conditions on
the interior velocity distribution. This means that the
velocity distribution in the exterior fluid is independent
of that in the gas bubble. Since we are primarily con-
cerned with the motion of the exterior fluid, we will not
determine the stream function for the gas phase.

The stream function for the exterior fluid must satisfy
Equations (23) and (25). The equations equivalent to
Equations (98) (overall jump mass balance), (99) (r-
component of jump momentum balance), and (100)
(combination of - and ¢-components of jump momentum
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balance) are respectively (n = 1,2, ...)

n(n+1) [ oUn—1 Cn+1 ]
C D, = — 148
nt Do 2 an—1 2n+3 (148)
—2(n2+3n—1
( o) ) C,—2(n+2) D,
e | 553
6— 7%
+ [ Ner 4 L2nr3d o
NRe
— 3uD) §,l = [2—n(n+1)] as
We
Nge] [ n ] 2NReN2
—1 6— _
[ Npr on—1 on-1 Nwe ™
(149)
and
2(1—n) 2(n+2) 3(n +2)
n— nt————ant1-
n n—+1 2n+ 3
3(1—n) Ny Nge
—=—— —_ 150
on— 1 On—1 Nwe Yn ( )

In Equation (149), 8! is the Kronecker delta defined by
Equation (101).

Evaluation of Equations (148) to (150) for n = 1
yields
Cy 4 Dy = ap— as/5 (151)
Ny N
— 3D + 1.8ap = ———2 (152)
We
NRe
—_ SC]_ —_ 6D1 + 0.4 6— ag — 301:(1)
NFr
NRe ] 2N2 NRe
= —6 _— 153
[NW ©F TN, Y
Equations (90), (135), and (136) specify
N,
-3 (154)
NFr
which means that
N2 NRe
Dy == 3ay/5 — 155
1 2/ 3N 71 (155)
N, N
Ci = oo — dan/5 + ——2 (156)
3NWe
and
Ny N
Ut(l) = 2a0— 2 Re Y1 -+ 0.8a2 (157)
3NWe

[The exterior fluid at infinity must move in the direction
of gravity, the negative z-direction, in order to keep the
gas bubble suspended in a fixed position as specified
earlier. This means that Ng, must be negative, which ac-
counts for the sign in Equation (154)]. The coeflicient as
must be determined by the criteria established in Equa-
tions (108) to (118).

Equations (148) to (150), a linear system, may be
solved by Cramer’s rule. The result is (n = 2, 3, ...)

Qnp+1 = A(n) ay + B(n) an—1 + C(n) (158)
Here
Any ~ =2+ D (@0 +3) [n(n+ 1) ~ 2]
h 2(nt +n¥—n2+ 2n+ 9)
(159)
3 12— pn—
B(n) = n(2n 4+ 3) (n® 4+ n2—n— 15) (160)
(2n—1)(n* + n®—n2 4+ 2n + 9)
and
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—(2n+3)(n—2) & Ny yn
C(n) =
2(nt+nd—n2 4+ 2n + 9)
where Q is defined by Equation (112).

We may now compute a value of ap. Equation (138)
gives for n = 2

(161)

ag = A(2)a2
for n = 3, we have
ag = {A(3) A(2) + B(3)} ax + C(3)

Following this procedure, we find that we may write by
induction

an+1 = E(n)ay + F(n), n=23,.... (162)
where
E(2) = A(2), E(3) =A(3) E(2) 4+ B(3)
E(n) = A(n) E(n—1) + B(n) E(n—2)
for n=4,5, ...
F(2) =0, F(3) =C(3)
F(n) =A(n) F(n—1) + B(n) F(n—2)
for n=4,5,... (163)
From Equations (116) and (162), we may write
lim E(n) ag + F(n) _:
o' E(n—1) ag+ F(n—1)
r
o e lim F(n)—¢F(n—1) (164)

nsw ¢ E(n—1) — E(n)

Equation (164) in general must be evaluated by means
of a computer. However, if @ >>> 1, Equations (159) and
(160) indicate that |A(n)| >> |B(n)|. This means that

E(n) =A(n) E(n—1) and F(n) =A(n) F(n—1)
Referring to Equation (164), we consequently have
F(n) —¢F(n—1) ——-F(n—l); —F(n—2)

¢E(n—1) — E(n) E(n—1) E(n—2)
L —F(@®)
Equations (164) to (164) imply
L F(3)
ap = _—E(3) (166)

The solution for flow past a stationary gas bubble is
illustrated by an example problem in the next section.

Example Problem

Consider an air bubble with an equivalent spherical
radius of 1.095 X 10~3 cm. This bubble is held stationary
in space by 15°C. water flowing down past it. The water
contains a trace of isoamyl alcohol. We seek to determine
the velocity of the water at infinity in terms of the alcohol
concentration and we wish to evaluate the droplet’, shape.

The data for this example are (27), unless noted other-
wise:

p*water = 1.00 g./cc.,

d .
7 water = 1.140 x 10-2 22222
sq.cm.

" = 73.5 dynes/cm.,
N, = 0.2019 (I8, p. 65),
I.*/k* = 1.42 X 10~% moles/cc. (I8, p. 65)
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D* = 1.25 X 10~% sq.cm./sec. (assumed)

% #
By dividing N2< = F—T—-—-;f-—> by I.*/k* we find that
To

k* = 4.37 X 1075 cm. From Equation (154), we find
that v,* = —3.43 X 10~2 cm./sec. The Reynolds number
based upon the radius of the equivalent spherical droplet
is Nge = —3.30 X 1073. The other dimensionless groups
required are Np, = —30.0, x = —0.6, and Ny, = 1.75
X 108,

When both « and Np are negative (indicating a flow at
infinity in the direction of gravity), we may write instead
of Equation (124)

n

—1)P Ai(r) Pi(n)
5}( ) Ai(r) Pi(p (167)

Essentially, when we use this expression, we have made a

¢ = ﬁ:Aa(f) Pi(—p) =

change of variable ; = — p in Equations (1), (2), (69),
(70), and (122). This allows us to use Table 1 to write
for this problem

C0|,=y = 0.9484 — 0.2307 Py(n) + 0.1003 Py(n)
— 0.09525 P3(p) + 0.03719 Py(n)
—0.05622 Ps(u) + ... (168)

Since @ (= 2 Ngo/Nw.) is very large for this example,
we may use Equation (166) to estimate ap. This indicates
that a5 is of the order 1079 and a3, a4, ... are of the same
order of magnitude.

If we assume that the pressure in the exterior fluid ap-
proaches 1 atm. as r — <« for § = #/2, p, is fixed and we
estimate from Equation (147) a«y = 7.75 X 1073, Since
Equation (96) requires that a; = 0, we see from Equa-
tions (46) line 5, and (94) that

f(8) =1+ 7.75 X 1073 ¢ + 0(e?) (169)

In order that this first order perturbation solution be mean-
ingful, we must require ¢ << 1 or ¢,* << 1.42 x 102
moles/liter of isoamyl alcohol. Equation (169) indicates
that the air bubble will remain essentially spherical when
a trace of isoamyl alcohol is added to the water.

To order ¢, the velocity of the exterior fluid at infinity is
specified by the fourth line in Equation (46) and Equa-
tion (157). From the estimates given above, we have

vy =1—2.93 X 108 ¢ + 0(e?) (170)
or
vp=1—2 X 108 ¢,®. (171)

Here ¢.* is to be given as moles/cc. This indicates that,
even though only a trace of isoamyl alcohol might be pres-
ent in the system (e << 1), the velocity of the fluid at
infinity necessary to balance the buoyancy force and hold
the bubble suspended in space might be drastically altered.

DISCUSSION OF OTHER WORK

Levich discusses several mechanisms by which the
terminal velocity (velocity of the fluid at infinity required
to balance the buoyancy force on the droplet) of the
droplet might be decreased (I, Sections 74-6):

1. retardation because of surface viscosity (2)
2. retardation because of surface elasticity
3. retardation because of presence of surfactants

(a) adsorption of surfactant controlling
(b) bulk diffusion of surfactant controlling
(c) surface diffusion of surfactant controlling
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In all of these cases Levich assumes that the droplet is
spherical. He presents his results in terms of a modifica-
tion of the Hadamard-Rybczynski expression, which be-
comes in our notation (I, Equation 74.10)

1+ N3+ e/q* 2 + 3Nj
t = | == (172)
2 + 38N3 + 3e/n* 1+ N;

The value of the coefficient ¢ is dependent upon the mech-
anism assumed to account for retardation. When ¢ = 0,
the droplet falls as a fluid sphere (the Hadamard-Ryb-
czynski expression); as e — o0, the droplet falls as a solid
sphere (Stokes law).

Only case 3b above is comparable to the problems dis-
cussed here. Levich places no restriction on the concentra-
tion of surfactant in the exterior fluid, but does assume
that the concentration of surfactant in the surface varies
only slightly about some equilibrium value. If we interpret
Levich’s work in terms of a perturbation solution, the
zeroth perturbation corresponds to a droplet suspended in
an infinite stagnant fluid containing an arbitrary amount
of surfactant. The perturbation parameter would be pro-
portional to the difference in densities of the two fluids.
In review, our perturbation parameter is proportional to
the concentration of the surfactant at infinity [Equation
(43)]; no further restriction is placed upon the concen-
tration distribution in the surface of the droplet (beyond
neglecting inertial effects in the equation of motion). Our
zeroth perturbation corresponds to the Hadamard-Ryb-
czynski results.

Levich finds for case 3-b that (I, Equation 75.8;)

2R T* §* k*2 ¢ *
~3D* R° k* ot T2 (173)
[1+——F# ]

Here 8* is the average thickness of the diffusion boundary
layer. We can compare our results with those of Levich
k* c.*

*
£l

only for sufficiently small values of ¢ = , for which

Equations (172) and (173) yield

OR T* 8* k°2 ¢.°
3D° R® 7° (2 + 3N3) (1 + N3)

ve=1 + 0(e?) (174)

For the numerical example given previously, Equation
(174) gives

vg=1—0.98 x 1012 §* ¢,* (175)

where §* is measured in centimeters and ¢.* in moles/cc.
The value of §* given by Levich (I, compare Equations
75.8 and 75.11) assumes Np, >> 1, which does not ap-
pear applicable here. There is some further question
whether the difference in densities for this example (air-
water) is sufficiently small to satisfy Levichs requirement
that the concentration of surfactant in the phase interface
vary only slightly about some equilibrium value.

CONCLUSIONS

The effects of trace quantities of surface active agents
on the motion of a droplet or gas bubble, moving slowly
through an unbounded fluid, have been evaluated. Mass
transter of surfactant molecules from the unbounded fluid
to the droplet’s surface was assumed to be controlled by
molecular and convective diffusion in the unbounded
fluid. A perturbation solution indicates that the terminal
velocity of the droplet can be very sensitive to slight
changes of surfactant concentration in the unbounded
fluid even though the droplet does not lose its spherical
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shape.
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NOTATION

a = determinant whose elements are the dog («, 8 =
1, 2)

aap(a®®) = covariant (contravariant) surface metric ten-
sor components defined by Equations (10) and
(11)

Ay, By, Cyy Di(n=1,2,...) = coefficients in Equations
(80) and (81)

A(n), B(n),C(n) = functions of n in Equation (158)

c = dimensionless concentration of surfactant in the
exterior fluid defined by Equation (38) line 2

*

¢.* = concentration of surfactant in the exterior fluid
at infinity

Ci, C’1, Cy11, C’1y = constants in Equations (85) and (86)

D* = binary diffusion coefficient for the surfactant in
the exterior fluid

e = coefficient in Equation (172)

Ei(i=1,2,...,n) = coefficients in Equation (124)
E(n), F(n) = functions of n in Equation (162)
= dimensionless function defining the droplet sur-
face in Equation (17)
F, = dimensionless z-component of the force which
the exterior fluid exerts on the droplet; defined
by Equation (117), line 1

L

g = acceleration of gravity

gi = dimensionless metric tensor components (16 p.
134)

Gu(n=1,2,...,n) = defined by Equation (129)

H = dimensionless mean curvature of surface; defined
by Equation (13)

k* = Langmuir adsorption coefficient

ny(n?) = covariant (contravariant) components of the unit
normal to the surface defined such that (dp/dul,

dp/du?, n) have the same orientation as the tan-
gents to the spatial coordinate curves (16, p. 197)
N; =R® T* I.%/oo*
A
N3 =9%/9*
A
Ny =p*/p*
Np, = Fronde number defined by Equation (88)
Np. = Peclet number defined by Equation (38), line 1

Nze = Reynolds number defined by Equation (87)
Nw. = Weber number defined by Equation (30)

P = pressure made dimensionless with respect to p*
0,%2
P. = limiting value of p as r > o as for § = #/2

Pp(u) = Legendre polynomial of degree n

QOn(p) = defined by Equation (77)

r = radial spherical coordinate; made dimensionless
with respect to R*

s = The practical infinity assumed in the Galerkin
computation

R* = radius of sphere with same volume as droplet

R* = gas constant

t;;(#¥) = dimensionless covariant (contravariant) com-

ponents of the stress tensor for the exterior fluid;
physical components made dimensionless with
respect to p* v,*2
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t*8 = dimenionless contravariant components of the
surface stress tensor

T* = absolute temperature

u®(a=1, 2) = surface coordinates defined by Equation
(16)

v;(v') = dimensionless covariant (contravariant) com-

ponents of the velocity vector for the exterior
fluid
vy, 0g = physical components of the velocity vector for
the exterior fluid in spherical coordinates; made
dimensionless with respect to v,*
v¢ = magnitude of velocity of the exterior fluid at in-
finity in the positive z-direction; made dimension-
less with respect to v.*
= terminal speed of droplet (speed of the fluid at
infinity in the absence of surfactants)
V* = volume of gas bubble
%(i=1,2,3) = dimensionless curvilnear coordinates; de-

fined by Equation (15)

0

Greek Letters
an(n=0, 1,...) = coefficients in Equation (94)
ya(n=0,1,...) = coefficients in Equation (93)

r = dimensionless concentration of surfactant in the
surface defined by Equation (36)
T.* = limiting value of I'* as the concentration of sur-

factant in the exterior fluid becomes very large
average thickness of the diffusion boundary layer
perturbation parameter defined by Equation (43)
viscosity of the exterior fluid
spherical coordinate; ¢ is angle measured from
the positive z-axis and ¢ is angle measured from
positive z-axis in the x-y phase
defined by Equation (123)
defined by Equation (111)
stands for cos ¢
= defined by Equation (115)
* = density of the exterior fluid
= dimensionless surface tension defined by Equa-
tion (27)
o* = surface tension in the absence of surfactants
= dimensionless stream function; defined by Equa-
tion (1) and (2)
@ = defined by Equation (112)

8#

>3 .
S
[

> X
s
(i

o B R

g

Special Symbols
A = this mark over a quantity indicates an association
with the interior fluid

* ==as a superscript, this indicates a dimensional

quantity

(i) = as a superscript, this indicates the ith perturba-
tion

4  =as a subscript, this indicates covariant differ-

entiation with respect to the curvilinear coordi-
nate xt (16, p. 140)

, = as a subscript, this indicates covariant differentia-
tion with respect to the surface coordinate u®
(16, p. 197)

LITERATURE CITED

1. Levich, V. G., “Physicochemical Hydrodynamics,” Pren-
tice-Hall, Englewood Cliffs, N. J. (1962).

. Boussinesq, J., Ann. Chim. Phys., 29, 349 (1913).

. Scriven, L. E., Chem. Eng. Sci., 12, 98 (1960).

. Aris, Rutherford, “Vectors, Tensors, and the Basic Equa-
tions of Fluid Mechanics,” Prentice-Hall, Englewood Cliffs,
N.]. (1962).

. Slattery, J. C., Chem. Eng. Sci., 19, 379.(1964).

, Ind. Eng. Chem. Fundamentals, 6, 108 (1967).

Wasserman, M. L., and J. C. Slattery, ibid., 5, 42 (1966 ).

. Griffith, R. M., Chem. Eng. Sci., 17, 1057 (1962).

N

01> U

Yol. 15, No. 4

AIChE Journal

9. Bond, W. N, Phil. Mag., 4, 889 (1927).

10. , and D. A, Newton, ibid., 5, 794 (1928).

11. Haberman, W. L., and R. XK. Morton, Trans. Amer. Soc.
Civ. Engrs., 121, 227 (1956).

12. Schechter, R. S., and R. W. Farley, Canad. J. Chem. Eng.,
41, 103 (1963).

13. Matunobu, Yaso’o, J. Phys. Soc. Japan, 21, 1596 (1966).

14. Lochiel, A. C., Canad. J. Chem. Eng., 43, 40 (1965).

15. Bird, R. B.,, W. E. Stewart, and E. N, Lightfoot, ‘Trans-
port Phenomena,” John Wiley, New York (1960).

16. McConnell, A. ]., “Applications of Tensor Analysis,”
Dover, New York (1957).

17. Davies, J. T., and E. K. Rideal, “Interfacial Phenomena,”
Academic Press, New York (1963).

18. Freundlich, Herbert, “Colloid and Capillary Chemistry,”
Dutton, New York (1922).

19. Sampson, R. A., Phil. Trans. Roy. Soc. London (A), 182,
449 (1891).

20. Proudman, I., and J. R. Pearson, J. Fluid Mech., 2, 237
(1957).

21. Taylor, T. D., and A. Acrivos, ibid., 18, 466 (1964).

22, , Chem. Eng. Sci., 19, 445 (1964).

23. Mickley, H. S.,, T. K. Sherwood, and C. E. Reed,
“Applied Mathematics in Chemical Engineering,” 2nd
Ed., McGraw-Hill, New York (1957).

24, Kantorovich, L. V., and V. I. Krylov, “Approximate
Methods of Higher Analysis,” Interscience, New York
(1958).

25. Wasserman, M. L., Ph.D. dissertation, Northwestern Univ.,
Evanston, Ill. (1966).

26. Irving, J., and N. Mullineux, “Mathematics in Physics
and Engineering,” Academic Press, New York (1959).

27. Hodgman, C. D., ed, “Handbook of Chemistry and
Physics,” Chemical Rubber Publishing, Cleveland, Ohio
(1961).

28. Van Dyke, M. D., “Perturbation Methods in Fluid Me-
chanics,” Academic Press, New York (1964).

29. Happel, John, and Howard Brenner, “Low Reynolds
Number Hydrodynamics,” Prentice-Hall, Englewood
Cliffs, N. J. (1965).

30. Garner, F. H., and A. H. P. Skelland, Ind. Eng. Chem., 48,
51 (1956).

Manuscript received December 5, 1967; revision received April 22,
1968; paper accepted May 8, 1968. Paper presented at AIChE Detroit
meeting.

APPENDIX A: LEGENDRE POLYNOMIAL IDENTITIES

On(n) = P [Pr—1(p) — Pr+1(p)] (A-1)
d Pn(ﬂv)
(1—#2)T—="(n+l)Qn(Il~) (A-2)
m
0, m=<£n
1 d Pu(p)
o) ———dw=y 2 (A9
‘f‘ dp my1 "
) 0, m##£n
S P P d =y 2 (A
2n 41
(1) =~ Ona(w) + 2 Qura(w) (A5)
uQnu—2n+1Qn—1u+2n+lQn+1P- -
(n+1)(n+2)
(1— p2) Pp(n) =——-§;l—_:'i——Qn+1(#)
_nn—1) () (A-6)
o1 o
d Pn(M)






